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We discuss the entropy-area relation for the small black holes with higher curvature corrections by 
qq | using the entropy function formalism and field redefinition method. We show that the entropy Sbh 

of small black hole is proportional to its horizon area A. In particular we find a universal result 
that Sbh = A/2G, the ratio is two times of Bekenstein-Hawking entropy-area formula in many 
£SJ ' cases of physical interest. In four dimensions, the universal relation is always true irrespective of 

the coefficients of the higher-order terms if the dilaton couplings are the same, which is the case for 
string effective theory, while in five dimensions, the relation again holds irrespective of the overall 
coefficient if the higher-order corrections are in the GB combination. We also discuss how this 
result generalizes to known physically interesting cases with Lovelock correction terms in various 
dimensions, and possible implications of the universal relation. 



Q_l' I- INTRODUCTION 

D ' 

Black hole is a fascinating object in gravity which opens a window to shed light to some quantum effects of gravity. 
In particular, black hole behaves like a thermal system which can be described by macroscopic quantities such as 
temperature and entropy. The existence of Hawking temperature indicates that the black holes emit thermal radiation 
due to the quantum effect, just like the usual thermodynamic objects. In Einstein's general relativity, the black hole 
entropy is given by quarter of the area of the event horizon, Sbh = A/ AG, known as the Bekenstein-Hawking 
\ entropy-area formula, which inspires the proposal of holographic principle of gravity P, Q • 

Extremal charged black holes with degenerate horizon are particularly simple and crucial in studying many aspects of 
gravity. In string theory, extremal black holes are some configurations which generally preserve partial supersymmetry. 
I i For the thermal property, extremal black holes have zero temperature and therefore are thermodynamically stable. 
' For some extremal black holes, generically with the dilaton filed, the degenerate horizon shrinks to a point (thus the 
horizon area vanishes) and the singularity is not protected by a regular horizon to asymptotic observer. This type of 
classical solutions is called "small black hole" [3j. If we naively apply the Bekenstein-Hawking entropy-area formula, 
the entropy of small black holes vanishes and the expected quantum degrees of freedom seem to totally "disappear" . 
This discrepancy comes from the fact that the general relativity is only a classical effective theory of quantum gravity. 
5h I It has been pointed out that for such kind of black holes, higher curvature corrections inspired by the low-energy 
effective action of quantum theory of gravity, such as Gauss-Bonnet (GB) and Lovelock terms etc, are expected to 
stretch the horizon and reproduce correct entropy corresponding to the microstate degrees of freedom [jj. In this 
case, the Bekenstein-Hawking entropy-area relation, Sbh = A /AG, breaks and should be significantly revised by the 
higher curvature terms and could be obtained by Wald's entropy formula [J, [5|, |f|. The near- horizon geometry of 
small black holes is AdS2 x S D ~ 2 after "stringy cloaking" and, for this kind of geometry, recently Sen has developed 
an elegant approach, the so-called entropy function formalism, to calculate the entropy coming from higher curvature 
corrections pillj]. (See @ for a review on this topic.) 

Following Sen's entropy function approach, various extremal black holes were investigated, including the two-charge 
small black holes from heterotic string compactified on S 1 x T 9 ~ D with momentum n and winding w on S 1 in which 
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the statistical entropy can be explicitly computed as Statistic = ^y/rvw [ljl EH, H, EE G3, EH- Amon g nu merous 
investigation of small black holes, there is an interesting general property first observed in |l3l | and later in |3, EE, E3] : 
the black hole entropy and the area of stretched horizon are related as 

Sbh = ±A. (1) 

This adjusted relation indicates that the higher curvature terms contribute equal amount of entropy as Hilbert- 
Einstein action (scalar curvature) . This is an important observation and it is natural to ask how general or universal 
this revised relation (fT]) is between the entropy and horizon area and what the physical implications behind the relation 
are, if any. This is the basic motivation of this paper. 

As a simple example, in Sec.|H]we first investigate the single-charge extremal black hole in four-dimensional dilaton 
gravity with general quadratic curvature corrections. We find that the relation (fT]) is indeed universal; it is always 
true irrespective of the coefficients of the higher-order terms if the dilaton couplings are the same, which is the case 
for string effective theory. In Sec. IIIII we generalize the analysis to arbitrary dimensions and find a constraint on the 
coefficients of Ricci and Riemann square terms for the universal ratio {T]). In five dimensions, we find that the relation 
is again universal irrespective of the overall coefficient if the higher-order corrections are in the GB combination. 
This may be interpreted as another evidence why the higher-order corrections in string theory should be in this GB 
combination, in addition to the known argument of no-ghost condition [18J. These results obtained in Sees. UT1 and 
IIIII are reproduced by using the field redefinition method in Appendix and there we also show why the entropy of 
small black hole with near-horizon geometry AdS2 X S D ~ 2 is always proportional to its horizon area. 

We then generalize our study to the Lovelock gravity with one gauge field in Sec. IIVI In four and five dimensions, 
there are only GB terms with common dilaton couplings, and we are uniquely lead to the universal relation (fTJ). It is 
then natural to examine how this result may be extended to higher dimensions with more Lovelock terms. It turns 
out that this demands relations between the coefficients for higher-order terms, as given in [l9j]. We also discuss more 
general solutions in this type of theories. Two-charge case is discussed in Appendix [Bl 

It is worth pointing out that for the particular classes of black holes in which the microstate counting is available, 
we find that the macroscopic entropy satisfies the universal ratio ([T]) [HI. 1 This suggests that the ratio (TTJ may be 
an important physical principle. How about the inverse statement: can the requirement that entropy-area ratio (fT]) 
be universal lead to the macroscopic entropy matching the statistical entropy? In Sec. El we examine this issue by 
looking at two-charge extremal black holes with only quadratic curvature corrections. If we assume the ratio ([1]) 
as a priori requirement, then the corresponding macroscopic entropy almost matches the degrees of freedom from 
microstate counting up to an overall numerical factor. It is interesting that this normalization factor is universal 
independent of spacetime dimensions. However our result so far is based only on one example. It would be interesting 
to find more evidence for this conjecture. Sec.|VI]is devoted to conclusion and discussion. 



II. UNIVERSALITY IN D = 4 DILATON GRAVITY WITH QUADRATIC CURVATURE TERMS 

As a first example, let us consider the four-dimensional dilatonic Einstein-Maxwell gravity including most gen- 
eral quadratic curvature corrections, scalar curvature square, Ricci tensor square and Riemann tensor square, with 
arbitrary coefficients a, b, c and dilaton couplings a±, oti and a^. The action reads 
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16ttG 



R - \{d<i>) 2 - ^e^F 2 + ae^R 2 - b& a ^R 2 AB + ce a3<l >R 2 A 



ABCD 



(2) 



We should note that a — a.\ = 012 = is valid for the low-energy effective theories of heterotic strings. 

The near-horizon geometry of a small black hole is supposed to have AdS2 x S 2 geometry with constant dilaton 
and gauge fields (only electric here) 



ds 2 = vi 



o , > dr 2 
-r 2 dt 2 + — 



V2dQ 



F tr = e, 



(3) 



1 In Ref. |19H . the author chooses a special set of coefficients of Lovelock terms so that the gravity entropy of the black hole gives the 
microstate degrees of freedom in any dimension. In Appendix [B] we give a simple proof that with that set of coefficients, one has 
S BH = A/2G. 
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There are four parameters characterizing this near- horizon solution 2 : v\ and v-i are squares of radii of AdS2 and S 2 , e is 
the gauge field strength and <f> s is the magnitude of dilaton filed. The measure of volume element is y/—g = v\V2 sin 9. 
The following geometrical and physical quantities can be computed straightforwardly. The Riemann curvature tensors 
for AdSi and S 2 are 



R 



mnpq 



and the Ricci tensor and scalar curvature are 
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R= + — . 

Vl V2 



(4) 
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The associated quadratic combinations of curvature and the field strength square F 2 are 



R 



AB 



R 



ABCD 



F = — 



2e 2 



(6) 



Here we have used the notation that the upper case indices A, B, . . . run over the whole spacetime, while a, f3, . . . over 
the AdS space and m, n, . . . over the sphere. This notation is used throughout this paper. 
The entropy of small black holes can be derived from the entropy function / defined by Q 



dtdi^f, 



(7) 



which is basically the integration of the Lagrangian over the spherical part of geometry. The explicit form of the 
entropy function in this particular theory is 
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The physical charge q corresponding to the field strength e at the horizon is given by Q 



1 



1 



(8) 



df 
oe 



v 2 

— e. 
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The values of v\, V2 and <f> s are determined by extremizing the entropy function, i.e. by the following equations 

1\ / ^ b 
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(10) 



1 vi v 2 V 2 



ca^e 



Oi3<p! 



= o, 



and the black hole entropy can be obtained from the entropy function by a Legendre transformation with respect to 
the physical charge: 



S 



BH 



The solution to the set of equations (flU)) is 



2n(eq-f). 



vi — v 2 = 4G q e 



(11) 



(12) 



The remaining part of the solution depends on the values of parameters in the Lagrangian and there are three cases 
to be distinguished. 



2 This is only a local solution near horizon and its regular extension globally to asymptotic flat infinity is not always guaranteed. See the 
examples discussed in [l7ll . 
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1. a 2 ^ 0: 

In this case, we can solve the last equation in (fTOf as 



2GW 



a 2 



2ca 3 
( 

a 2 



,(03—0:2) 



(13) 



which should be understood as an equation for determining <p s as a function of the physical charge q but it is 
generally difficult to give its explicit form. The area is given by 



and the entropy is 



A 



4irv 2 = l6irG 2 q 2 e- a4 



4-7T 



Sbh = 2n(eq - f) = — 



G 2 (a 



-_02W_ e - a<t>a 



a 2 



c(a 3 - a 2 ) 



a 2 



(14) 



(15) 



Therefore, the entropy-area relation is 



Sbh — 



AG 



a + a 2 . c(a 3 - a 2 )j a+a3 



a 2 



G 2 a 2 q 2 



A. 



(16) 



For fixed coefficients a, b, c and exponents a, a±, a 2 and 013, <j) s is a function of the physical charge q. It can be 
checked by using Eq. (|13[) that the square bracket in Eq. (|16p is constant only for a 2 =013. Then the entropy 
is always proportional to the area irrespective of the coefficients a, b, c and exponents a 's, a manifestation of 
holographic principle. Note that the relation (JT5J) is independent of the value of ct\. This is because the 
contribution of the scalar curvature vanishes in the solution. 

The fact that the entropy is proportional to the area may appear somewhat trivial for the spherically symmetric 
small black holes. However we emphasize that Eq. (|16p does not mean the proportionality. Given the entropy 
and the area expressed in terms of solutions, we can formally write their relation like Eq. (|16p . but it has to 
be checked whether the coefficient is a constant or not. Indeed, in our above example, we have shown that we 
must have a 2 = a 3 ; otherwise the coefficient changes when we change the physical charge. We cannot say that 
they are proportional for such a general case. 

In the string effective theory, a = a 2 = (13 and the relation (fTB"|) reduces to the universal one ([T]) . The relation (JTJ) 
is universally true irrespective of the precise values of the coefficients a, 6, c and exponents a's, and only the 
relative magnitudes of the exponents a's are important. In particular, it is not necessary that the higher-order 
corrections are in the GB combination. Thus the dilaton coupling appears to automatically adjust these values 
to produce the universal result ([1]) in string theories. Here we can solve Eq. (fT3"|) for <f> s to obtain 



1 , [2G 2 q 2 
= — In 

2a \b-2c 



(17) 



2. a 3 j4 0: 

We have basically the same equations as in item 1 with {a 2 , b) and (03, —2c) interchanged, and get the universal 
relation (Q]) for a = a 2 = a 3 . 

3. a 2 — 0:3 = 0: 

In this case, the last equation of (JTUJ) gives constraint viv 2 ^j-e°"^ s = 0, namely 

av 2 = 0. (18) 

For the case v 2 = and a 0, which amounts to <p s — > a x 00 from (|12p (the exceptional case is neutral solution 
q = which is not of our interest) , both area and entropy vanish. The near-horizon geometry ([3]) is not valid in 
this case, and we expect that further higher curvature corrections are necessary. 

For the other case a = 0, the dilaton is completely decoupled and the system is not of our interest. Nevertheless, 
let us see what we get. The horizon area and the entropy are given by (this is the only case in which / 7^ 0) 

A = 47to 2 = 16vrGy , S B h = Me<Z - /) = ^Gq 2 + 2?r ( b ~ 2c ) ; ( 19 ) 
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independently of the value of a\. We find the entropy-area relation 



s ™ = ib( 1+ w) A (20) 

When the higher-order corrections are absent, this gives 

Sbh = ^A, (21) 

which is nothing but the result for Einstein gravity. 

Because the scalar curvature vanishes in the solution, their corrections do not play any role in the above evaluation. 
So the above results are always valid even if other higher-order corrections in the scalar curvature are added to the 
action © 

5>„e a ^ir. (22) 

n=2 

We have thus found that small black holes in four dimensions are very special in that they have the universal 
relation ((T|) for arbitrary combination of the curvature square terms, not just for the GB combination as usually 
supposed to be. We will see that this is no longer true in higher dimensions with higher curvature corrections. 
However if we consider Lovelock type corrections, we get the relation (TT]). 



III. ARBITRARY DIMENSIONS 



In this section, we examine the entropy-area relation for the general theory in arbitrary D dimensions with the 
action 



16ttG 



R - i(<90) 2 - Je^F 2 + ae^R 2 - b<z a ^R 2 AB 



a a 3 p2 

n ABCD 



(23) 



The extremal black holes in D dimensions are assumed to have near-horizon geometry AdS2 x S D 2 and the relevant 
geometric quantities are 



R, 



1 D-3 
Vi v 2 

2 _ 2 (£>-2)(£>-3) 2 p2 

^4R — — i 2 ' a ABCD — ~ 



R = — 



(D-2){D-3) 



t'7 



r- 



v 



4 2(D-2)(D-3) 

2 ^ Z2 ' 

1 v 2 



t'2 

F 2 = 



2e 2 



It is straightforward to compute the entropy function 



(24) 
(25) 
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V2 Vi 2 



ae Q1 *' I — 



2_ _ (£>-2)(D-3) 

V\ V2 



(D-2){D-3f 



2ce 



2 (D-2)(D-3) 



(26) 



where Qd~2 = 2n ? /r(=W^) is surface area of unit sphere S . The relation of physical charge q and the field 
strength e is 



16ttGwi 



(27) 



In general, it is complicated to find the extremal value of / for arbitrary dilaton couplings. For simplicity we focus 
on the special case of string effective theory in which a% — ct2 = «3 = a (all dilaton couplings are equal). The 
conditions for / to have extremal value give the relation 



1 



''2 



{D-2)(D-3)v u 



(28) 
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which implies vanishing scalar curvature, R = 0, and the constants v\ and <j) s must satisfy the equations 



1 D(D-3) ' 1 j 

_ l (D-2)(D-3y + 8c(D 2 -5D + 8) 
b ~ 4 £>(£> - 3) ' 

Note that df/d(j> s = implies either a = in which dilaton is totally decoupled (and we are not interested in this) or 
/ = 0. The explicit solutions for v\ and 4> s are complicated. However, the explicit forms are not essential for deriving 
the entropy-area ratio. 

The area of event horizon is 



A = fl D - 2 v 2 2 =n D - 2 [(2Db - 6b - Ac) e 01 ^] 2 , (31) 



and the entropy is (/ = 0) 



S BH = 2n(e q - /) = SG{Db-ib-2c) " (32) 



Thus the entropy-area relation is 



D(D-3)b-2(D 2 -5D + 8)c 
Sbh 8G(Db-3b-2c) A - (33) 



We thus again find that the entropy is always proportional to the area irrespective of the coefficients a, b, c and 
exponents a's. We can derive this relation from the Bekenstein-Hawking formula by field redefinition (see Appendix 

EH). 

Let us also check when we get the relation Sbh = A/2G. ft turns out that we must have either D = 4 or 

(D - 3)6 = 2(D - l)c. (34) 

This means that the corrections are in the GB combination for D — 5. In this case, only the relative magnitudes of 
the coefficient are determined and the universal relation ([1]) is true irrespective of the overall factor. If we regard the 
universal relation as a physically important principle, this might be another evidence why the higher-order corrections 
must come in the GB combination in string effective theories in addition to the ghost-free condition [l8l |. 

For theories in D > 5, (f34|) does not give the GB combination. Does this mean that the relation (|TJ) is not valid 
in dimensions higher than five? Considering that GB term is the leading correction in heterotic string theory, this 
problem gets physical interest. Rather than hastily jumping to such a conclusion, we suggest that this is an indication 
that we should consider more higher curvature corrections, such as the Lovelock terms. We are now going to consider 
this possibility and see that indeed we can obtain the relation ([1]) in higher dimensions. 

IV. LOVELOCK GRAVITY 

In this section, let us consider the dilatonic Einstein-Maxwell theory with Lovelock higher curvature corrections. 
In the string frame, the action is 

I = f d D x^—gS ^ /m - 1 C m , (35) 

m— 1 

where S on the rhs is the dilaton field. The leading term in the Lagrangian is 

C 1 =R- l -{d<t>f-\F^ (36) 

and the higher-order terms are 

£™ = R ^p^ ■ ■ ■ ^ mVm Pm a m , m = 2, • • • , [D/2], (37) 



6 



where A m are dimensionless parameters. This action, written in the string frame, is a generalization of those actions 
considered in the previous sections to higher dimensions with higher curvature terms for equal dilaton coupling. 
The entropy function for the black hole with AdS 2 x S D ~ 2 near-horizon geometry is 19] 



n D - 2 u sVl v 2 ~ J e 2 ^ (D-2)! a' m ~ l \ 



1 ~ WttG 1 9«? + 2^ 



2vf (D - 2m)! vf 



(D-2m)(D-2m-l)-^^ 

Vl 



(38) 



where u$ is the near-horizon value of dilaton field S. Here the Hilbcrt-Einstcin term (scalar curvature) is included as 
the m = 1 term by defining Ai = 1. The summation in the entropy function (|38p can be rearranged in terms of power 
of i>2 as 

[13/2] [D/2] 

E (■■■)= E^^"\ (39) 

m— 1 rn — 1 

where the coefficients functions of ^i, are 

2 ^ _„/m-2 (£>"2)! 2ma' 



A' 1 = , K m = a' m - \" ' A TO _x A m , m > 2. (40) 

«i (L> — 2m)! \ «i 



The equation df /dug = for extremal value of / requires / = 0, 



and the equation df/dv 2 — gives 



[ ^ 2] e 2 2 

£ Jf m „*-»•+ -_ = (), (41) 



[D/2] 

J2(m-l)K mV2 - m = 0. (42) 

771=2 



The last equation df/dvi — is more complicated 



'^ 2| ID-2V b 2 

S(^ji""""" lA ™^ ro -fe + 1 = °' <«> 



771 = 2 



Finally, the value of us is determined from the physical charge defined by 



D-2 



q= d£ = n D -2U S v 2 2 e (44) 
de IdirGvi 

Now our goal is to solve equations (|4"T]) ~ (|4"4")) to find the values of us,v%, v 2 and e in terms of the physical charge q 
and the parameters A m 's in the theory. Formally the horizon area and the black hole entropy (/ = 0) can be expressed 
as 

p-2 vi a 

A = n D _ 2 u s v 2 2 =16ttG— , S BH = 2ir(eq~- f) = 2neq, (45) 

e 

and the ratio is 

S BH = ^A. (46) 
Here again the entropy is proportional to the area. Note that here the universal relation ([1]) is equivalent to 

vi = (47) 
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A. Universal relation in D — 4, 5 and generalization to higher dimensions 



In D — 4, 5, there are only GB terms. Let us first consider D = 4 though this is a special case of those discussed 
in Sec. HH From Eqs. (gSJ and (gTJ), we find 3 

Vi = 4a'X 2 , e 2 = 4«i = 16a%, (48) 

which already assures that the universal relation |T]) holds in this case (see (|46p). The remaining Eq. (|43"]l then gives 
«2 as 

v 2 = 4a' A 2 = Ui. (49) 

The dilaton field can be determined as u s = Gq/(4a' X 2 ) through (|44|) . Thus all moduli fields are given in terms of 
the physical charge q and the parameter A 2 . Note that here the relation S = A/2G is independent of the value of A2, 
namely, A2 can be arbitrary, in agreement with the result in Sec. ITT1 
Next for the case D = 5, we obtain 

v 1 = 4a' A 2 , e 2 = 4ui = I6a'A 2 , (50) 

and v 2 — 12a'X 2 . Thus, once again, we have the universal relation |T]) irrespective of the value of A 2 , in agreement 
with the results in Sec. IIIII Of course, if we want to match the result with the microstate counting, the value of A 2 
should be fixed in some way (see for example, or [22j where A 2 is determined to be ~). Note that in the case of 
D = 5, one has also K 2 = 0. 

When we go up to D = 6 and D = 7, the next Lovelock term contributes. We know from Eq. (|45|) that if one 
requires that the entropy should be independent of the spacetime dimension, 4 e must be independent of the dimension 
(note that q is a physical charge, which is an input quantity). On the other hand, since we already know that K 2 = 
from the case of D = 4 and 5, we conclude that K3 = from Eq. (|42]) . The only solution of Eq. (|41 [) is then vi — 4e 2 , 
which is independent of the spacetime dimension. We thus come back to the universal result |T]), again whatever the 
value of A 2 is. We see that this is the value that new higher-order correction does not modify the solution for the 
lower-dimensional solutions. The condition = gives 

A 3 = ^X, (51) 



A 3 = i(2A 2 ) 2 , (52) 



Combined with Eq. H8L Eq. (JSTJ) leads to 



so that we can see that only A 2 is a free parameter. 

As we have observed, the solution v 2 depends on dimension D, but v\ does not. It is natural to take the value of V\ 
as it is in all dimensions [19(. Under this condition, Eqs. ([4"Tj) and (|12"1) determine the solution 5 by K m — for m > 2, 
which completely fix all other A m by A 2 via 

A m = ^7 A m _i = ± f^)"" 1 = ±(2X 2 r-\ (53) 

where we also used the result P5|) . Obviously the universal relation Sbh = A/2G still holds by (|46[) and (jTf)) . Note 
that v 2 is determined by Eq. (|43[) and it is easy to show that it has at least one positive solution. This point will be 
discussed later in more general context. 

The relation (|48[) also indicates that e is not a free parameter but its value is fixed by parameters a' and A 2 in 
the Lagrangian. Thus the value of e does not appear to contain any information on the magnitude of charge. This 
seems peculiar since e is the value of F tr at horizon. This strange result is due to the fact that the dependence of 
field strength on charge parameter is hidden in the string frame by the coupling of the dilaton. From Eq. ([44]) . one 
can see that the value us of the dilaton at horizon actually carries the charge information. The relation between the 
field strength and charge becomes more transparent if the solution is presented in the Einstein frame. 



3 Note that in this case, the unique solution of 1421 1 is K2 = 0. 

4 Similar argument based on the microstate counting is given in Ref. [Tgj ] . 

5 Note that each Ki is different by a numerical factor in different dimensions. 
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Finally we note that there may be other possibility for achieving the relation Sbh = A/2G if we do not require 
that the coefficients be determined step by step from lower dimensions to higher dimensions as above. For example, 
consider D = 10 with free parameters A2, A3 and A 4 . Let us take A2 = g and A 3 = 0, which are the known values for 
these in string theory [23]. To have the relation Sbh = A/2G, we must have v\ = e 2 /4 and the extremal conditions 
of the entropy function give 

7(19823- 31 V8976T) , „ 7 ,„„ /^t^ts , n , 49(366563 + 3737^89761) 

V! = — -a > 0, v 2 = (195 + V89761W > 0, A 4 = — > -. (54) 

1 165243 223 v ' ' 15968976480 v ' 

Thus the relation {1} is possible in arbitrary dimensions by adjusting A's even if we do not require A's are determined 
in lower dimensions. These values need not be taken serious because it is known that there are other corrections in 
the order of R 4 in the heterotic strings [22j . (The string case in higher dimensions is beyond the scope of this paper 
and may be a subject of future study.) We now discuss this kind of general solutions in more detail. 



B. General solution 



In this section, we show that we can formally solve Eqs. (|41 j) — (|44|) for Us,V\,V2 and e, and obtain positive V\ and 
V2- Eliminating e 2 , which contains us, from Eqs. (|41[) and (|43|) . we find 

[D/2] m-2V 

^ (D - 2m')! ( Xm - lVl ~ ma ' Xm) ~ 1 = °" (55) 

This equation is rewritten as 

Axvi = B u (56) 

where 



[D/2] (D 2V 

m=2 v ; 



1—m 



B ^ = 21, {D -2my. a XmV * +1 - (57) 

Now Eq. (|4"3")l has a simple expression 

e 2 = 2«iBi, (58) 

and Eq. (|4"2"|) can also be rewritten in the form of 

A 2 v 1 = B a , (59) 

where 

^ (m-l)(D-2)! 2 x _ m 
^ = 2_, (j? _ 2m )! a ^ 1 " 2 ' 

K \^ m(m - 1) (£> - 2)! /m _ 1 x _ m 

62 = 2 — — a AmW2 ' (60) 

m=2 v ; 



Eliminating t>i from Eqs. (|56|) and (|59j) . we find the equation for v 2 as 

•F(ua) ee v 2[D/2] ~ 2 [A2B1 - ^B 2 ] = , (61) 

whose explicit form is 



(m -!)(£>- 2)! 2 [§] - m \ ^ mQD-2)! [#] _ r 

(U-2m)! 2 2 + Z.(^-2m)! a AmV2 

, m=2 v ' / \ m=2 v ' 



2 I V (^~ 2 ) ! ym-2 A v m-m ^ m(m - - 2)1 x [£]_ m , 
2 I 2L, (jD _2m)! a Am - lW2 (D-2m)\ ° ^ » ' 



9 



The equation T{v2) = is the (2[D/2] — 3) order algebraic equation for V2- Once we find the solution for V2, we 
obtain the solutions for v± and us as 



^1 = ®L 
Ai A 2 ' 

1 fl6nGq 



2 V Ou_2 



Aid. 



D-2 
2 



(63) 
(64) 



Hence if there exists a solution of !F(v2~) = for v 2 , we obtain the solution for any coupling constant A m and any 
charge q. 

Here let us give two simple examples. 

1. Case of [D/2] = 2 (D = 4 or 5): 

The equation for v 2 is very simple and the solution is v 2 = 2(D — 2){D — 3)a'\2- We find v\ = 4a' X 2 , that is 
v 2 = {D- 2){D - 3)«i/2. (Note that Ai = 1.) 

2. Case of [D/2] = 3 (D = 6 or 7): 

-^"(^2) = gives the cubic equation for V2 as 



vl - 4(213 - 7)a'A 2 v 2 - 9(D - 2){D - 3)(D - 4){D - 5)a /2 A 3 V2 
-6(D - 2){D - 3)(D - 4) 2 {D - 5) 2 a' 3 A 2 A 3 = . 



(65) 



In general, it is difficult to obtain an explicit solution of V2 from T(y2) = 0. Now, for this solution to be acceptable, 
we must show that there exists at least one positive solution for v 2 . Since J 7 ^) = {D — 2){D — 3)v^ D ^ 2]l 3 + • • •, 
F{ v 2) ~ * +°° as v 2 - * 00 ■ Also 



HV2) 



l>2=0 



{(D-2[§])\V 



a' 2 ^- 3 X [§] ^X m <0, 



(66) 



if ArD]_ 1 AjD] > 0. Because the continuous function ^ 7 (t | 2) changes from negative value at v 2 — to infinity at V2 = 00, 
we have at least one positive solution for V2 when this last condition is satisfied. 
As for the entropy, inserting our solution into the definition S = 2ireq, we have 



Sbh = Bi x A. 



(67) 



We can reproduce our earlier results using these formulae. We see from Eq. (|57|) that B\ > 1 if A m 's are all positive 



V. MATCHING MICROSTATE COUNTING 

In this section we elaborate on the connection between the entropy-area relation ([1]) and the microstate counting. 
We consider a theory with two gauge fields in any dimension. The statistical entropy of this theory is known and it 
has been verified that the microstate entropy can be reproduced from gravity side, for example by including Lovelock 
corrections with an appropriate tuning of coefficients [191 ]. Here we would like to change our viewpoint to a different 
side. We include only general quadratic curvature corrections and check whether the entropy-area relation ([T]) leads 
to the statistical entropy. The action under consideration in the string frame is 



I = 



1 



16ttG 



d u x^gS R + S (dS) - T~ (dT) -TIF, 



,(l)\ 2 _ r -2^(2)^ 2 
[2] ) 1 [ P [2] 



i' (aR 2 - bR 2 AB + cR 



2 1 „ D 2 \ 

ABCDJ 



and the near-horizon data are exactly the ones in the previous sections. The entropy function is 



(68) 



VLd- 2 usviv 2 
16ttG 

2 

Vl 



(D-2)(D-3) 



<'2 



(D-2)(D-3) 



V2 



2 

Vl 

a'b 



1 2 



2 2 
T 



_2ef_ 

2 ? 
u^vf 



(D-2)(fJ>-3) 2 



2a'c 



2 (D-2)(D-3)' 



(69) 
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The physical charges are 



D-2 D-2 



df Q D - 2 usUtV 2 2 VL D - 2 u s v 2 2 

<li = , 9i = -7—^ ei > 92 = -. n 2 e 2 , (70) 

oei 4:TrGvi inuu^vi 

and the solution for an extremal / is, for D — 4, 

4 = — i V2 — V1, v\ = 2eie 2 = 2(b — 2c) a 1 , ae 2 = (b — 2c) a! , (71) 
ei 



and for 13 > 4 



,2 



e 2 (D-2)(£>-3)«i _ 4[2 ei e 2 + a'6(£> - 4)] 



W2 = 2 ' Da-5D + 8 

[J(I3-3)6-2(D 2 -5D + 8)c]a' 
e i e 2 = ^Ti ^\TR T\ • ( 72 ) 



2(D - 2)(D - 3) 
Since / = 0, the entropy and area (in the Einstein frame) are 



S B H = 2n(eiqi + exq 2 ) ^ —^-^f^- (2eie 2 ), A = usO^^ 2 , (73) 



2Gui 

and they are related by 

For £> = 4, we have «i = 2eie 2 , therefore the relation Sbh = A/2G holds independently of the values of a, b, c and 
the value of entropy Sbh — 47rit i ge 1 e 2 /G. Moreover, from the relation 19] 

2n 2w qi e 2 n 

<li = —r=i Q2 = —j==, — = , (75) 

Va V a 92 ei 10 

we have 



ei = J(b-2c)a'— , e 2 = J (b - 2c)a'—, u s = —rr~7, ;Vrvw- (76) 

V n V w v& - 2c a' 

The entropy can be expressed in terms of the momentum n and winding number w as 



S BH = %^\fb^2cyfrvw. (77) 

From this check, we conclude that the entropy-area relation ([T]) can lead to the black hole entropy to match the 
statistical entropy up to a numerical factor. In order to fix this numerical factor we should require b — 2c = 1/4 to 
match the microstate counting S = Air^/nw. It is interesting, as we will see, this same additional requirement is also 
necessary in any dimension. 

For a general dimension, we have 



where 



The entropy is 



ei = ^/a'A— , e 2 = Wa'A— , u s = d=t 7= (< 8 ) 

• n V w „ — 



D(D-3)b-2(D 2 -5D + 8)c 

2(Z>-2)(Z>-3) ' 1 ' 



D-2 

Sbh = n °-^ 2 ( 2ei e 2 ) = 8nVAV^. (80) 
2Gvi 
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In order to match the microstate counting, we should have A = 1/4. Moreover, if we first require the condition 
Sbh = A/2G, then we have relation v\ = 2eie2, which gives {D — 3)b = 2(D — l)c, this is identical to the result ([34]) 
for the single charge case. But note that it is not sufficient to make A = 1/4. Therefore, it seems that the condition 
Sbh = A/2G and matching to microstate counting in general are two independent requirements when we consider 
quadratic correction. When D = 4 or 5, however, if 

6 = 4c =1/2, (81) 

these quadratic curvature terms in the action can be written in the GB combination. In that case, we have S = A/2G 
for both D = 4 and 5. On the other hand, A = 1/4. Thus Sbh — A/2G matches the microstate counting. Note that 
c = 1/8 from (fSTj) just gives A2 = 1/8 in the previous section, while the latter is predicted by heterotic string theory. 

Finally, let us note that an interesting general feature appears once we demand the ratio of entropy and area |T]). 
Under this condition, we have (D — 3)6 = 2(D — l)c and then A = b — 2c, which is independent of spacetime dimension. 
Thus the matching condition, b — 2c = 1/4, yields 

, D-l D-3 

b= , c= . (82) 

8 16 v ' 

Although Eq. (|82[) gives the GB combination only when D = 5, we expect this argument to reproduce statistical 
entropy can apply to other cases. On the other hand, if we include higher-order Lovelock terms as in 19], the universal 
entropy-area relation (fT]), Sbh = A/2G, can be matched to the microstate counting, as is shown in Appendix |B"1 



VI. CONCLUSION 



In the Einstein gravity, the entropy of black holes is universally given by the so-called area formula Sbh = A /AG. 
However it is well known that the area formula no longer holds in general if one considers higher-order curvature 
correction terms. Still one can calculate black hole entropy by employing the Wald's entropy formula in the higher- 
order derivative gravity theories. To calculate black hole entropy using Wald's entropy formula, one has to know the 
black hole solution. In general, however, it is difficult to find analytical black hole solutions in higher-order derivative 
gravity theories. The entropy function method proposed by Sen is a powerful approach to get the entropy of black 
hole with higher-order curvature corrections. 

In this paper we showed that the entropy of small black holes with near-horizon geometry AdS2 x S D ~ 2 is always 
proportional to its horizon area by employing the entropy function method and field redefinition approach. In 
particular we found a universal result that the ratio is two times of Bekenstein-Hawking entropy-area formula in 
many cases of physical interest, namely Sbh = A/2G. In four dimensions, the universal relation always holds 
irrespective of the coefficients of the higher-order terms if the dilaton couplings are the same, which is the case for 
string effective theory, while in five dimensions, the relation is again universal irrespective of the overall coefficient 
if the higher-order corrections are in the GB combination. We also discussed how this result generalizes to known 
physically interesting cases with Lovelock correction terms in various dimensions. In the Lovelock gravity with two 
gauge fields, the requirement to match the microstate counting of black holes is consistent with the universal entropy- 
area relation, Sbh = A/2G. Based on the results derived in the present paper and those in the literature, one expects 
that the relation Sbh = A/2G might be a guidance to match the microstate counting of small black holes. Of course, 
to confirm this conjecture, more evidence needs to be accumulated. 

It would also be interesting to generalize our results to more general black hole solutions like those with deformed 
horizons. 
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APPENDIX A: AREA OF HORIZON AND FIELD REDEFINITION 



Here we derive the entropy-area relation including higher curvature corrections from the Bekenstein-Hawking for- 
mula by a field redefinition. Suppose we have a model with Lagrangian given by an arbitrary function F of Ricci 
tensor Rab, i.e. 



I= TTT^ I d D x^—gF{g AB ,R AB ,i,), 
lD7rG J 



where ip denotes matter field. Introducing the new metric, which is a kind of field redefinition, as 



-qq 



-AB 



- dF 

' 1 ORab 



(Al) 



(A2) 



we can rewrite our system as the Einstein equations with respect to qAB > arid g AB behaves as a spin 2 tensor field [20l | . 
The explicit form of q AB is not important in calculation of black hole entropy. In this Einstein frame (we call it q- 
frame), we have the Bekenstein-Hawking formula, that is, Sbh = A q /AG [2l[, where A q is the area of a black hole in 
q- frame. Using Eq. (1A2|) . we find the entropy-area relation in the original <?-frame. Note that black hole entropy is 
invariant under the frame transformation. 

Let us discuss a concrete example. We first consider the model in Sec. IIIII with c = 0. In this case, we find 



-QQ"" = V^9 [(I + 2ae a *i?) g AB - 2be°" t 'R AB ] 
Using the near-horizon solution (|24]) and {28J, we find 



(A3) 



<n 



qq 



a/3 _ 



Ab 

(D-2)vi 



a/3 



(A4) 



These relations can be rewritten as 



qa/3 — 



qrnn 



1+^ 
Vl 



D—4 

' D—2 



1 - 



46 



(D-2)vi 



9af3 : 



Qran • 



(A5) 



The area is given by \J det(g mn ) in g-frame and by \/det(q mn ) in q-frame. Hence we obtain the relation between two 



areas A q and A g as 



A„ 



2b 



Vl 



Ms A 



From Eqs. 



Then we have 



and (|3H|) . we find 



Vl 



e 2 



b = 



(D - 2)e 2 
AD 



A„ 



D 



(A6) 



(A7) 



(A8) 



Since we have the Bekenstein-Hawking entropy formula in g-frame, we therefore obtain 

A n D 



'BH 



ts. - r ,\ 
AG 8G g ' 



(A9) 



We recover ([3^)1 for c = 0. 

If we have Riemann tensor in the action, we cannot use this method to calculate black hole entropy in general. 
However, if we restrict our spacetime to the present metric form, i.e. AdS% x S D ~ 2 near horizon, we have only two 
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metric constants v\ and V2, and then we can write the Riemann curvature in terms of the Ricci and scalar curvatures. 
Hence we find the effective action only with the Ricci and scalar curvatures, which is equivalent to any model with 
Lagrangian given by an arbitrary function F of Riemann tensor R A bcd, i-e. 



1 



16ttG 



d u x^-gF{g AB ,R A BC D,i>) 



(A10) 



Here we give a simple example, which has been discussed in Sec. lIIIl The scalar curvature R and the Ricci curvature 
square R\ B are given by Eqs. ([24]) and (|25|) . We express v\ and V2 in terms of R and R\ B as 



1 

V\ 

1 

f'2 



1 

2D 



-2R + X /2(D-2)(DR\ B -R2) 



D(D - 2){D - 3) 



(D-2)R+J2(D-2)(DR 2 AB -R 2 ) 



(All) 



where we have chosen the plus sign when we solve the second order algebraic equation in order to guarantee both v\ 
and V2 are positive. 

Inserting the expression (|A11|) into the Riemann curvature square (|25|) , we find 



-(D - AYR 2 + D(D -5D + S)R AB - 2{D - 4)RJ2(D - 2){DR 2 AB - R 2 ) 



l ABCD ~ D 2 {D _ i} 

Plugging this expression into the original action (|2"3")) . we obtain the equivalent action only with R and R AB as 



(A12) 



1 



16ttG 



R-\{d ( j )s ) 2 -\e a ^F 2 +^ 



hR 2 - bR 2 AB - dRj2{D - 2)(DR 2 AB - R 2 ) 



, (A13) 



where 



2(L>-4) 2 

a = a — -c, 

D 2 (D~3) ' 



- 2(D 2 -5D + 8) 

b = b - D(D-3) C - 



d= 4 ^- 4 ) c 
D 2 (D-3) 



(A14) 



Since this action is of the form of Eq. (|A1[) . we can apply the method of field redefinition. 
The redefined metric (|A2j) is now 



1 - de arps J2D(D - 2)R 2 CD I g AB - 2be a ^ R 



(A15) 



Here we have used the fact that the scalar curvature R vanishes for our black hole solutions. Rewriting Eq. (|A15I) . 
we obtain 



1 + 2(6- Dd)- 



which implies that 



A q = 



l + 2(b-Dd)- 



From Eqs. ([29]) and d30j), we find that 



(D-2)(D-3) 



vi A[(D - 3)6 - 2c] ' 

Inserting this solution into Eq. (|A17[) and using the relations (|A14|) . we find 

_ D{D - 3)6 - 2{D 2 - 5D + 8)c 
9 ~ 2[(D-3)b-2c] 9 



(A16) 



(A17) 



(A18) 



(A19) 



Note that we have Sbh — A q /4G in g-frame, and thus we reproduce the entropy-area relation (|33[) in g-frame . 

In principle we can use the present method of field redefinition to small black holes with near-horizon geometry 
AdS2 x S D ~ 2 in any gravity theory with curvature scalar, Ricci tensor and Riemann tensor, e.g., the Lovelock gravity 
discussed in the section HVl but the equations turn out to be very complicated in that case. 
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APPENDIX B: MATCHING THE MICROSTATE COUNTING WITH THE RELATION Sbh = A/2G FOR 

TWO-CHARGE SYSTEM 

In [l9j], Prester considered small black holes in Lovelock gravity with two gauge fields. The action is 

1 = 16ttG I d ° x ^ S E «' m " l£ - (Bl) 

m— 1 

where S is the dilaton. The leading term in a' given by [|[ 

d = R+ S- 2 (dS) 2 - T- 2 (dT) 2 - T 2 (F^y - T- 2 (f$Y (B2) 
and the higher-order terms are 

£ ™ = W 1 " 1 ^ ■ ■ ■ R n Pm a m , m = 2, • • ■ , [D/2], (B3) 

where A m are dimensionless parameters. By entropy function method, it turns out that if one chooses the following 
set of parameters 

A ™ = ( B4 ) 

the microstate entropy S = Any/nw of the small black hole with two charges can be reproduced by the gravity entropy 
of the black hole in the action (|B1[) in any dimension. Here we would like to give a simple proof that the choice (|B4|) 
is consistent with the entropy-area relation |T]), Sbh = A/2G. 

With the data of the near-horizon geometry AdS2 x S D ~ 2 , the entropy function is easy to calculate as 



, (l 
f = l^G UsVlV2 



2)/2 




2e 2 

\- 


2 


i 1 - 






[ 4 


r 2 2 


Vl 




a' 



A 



16ttG 
where 



(D-2)/2 m r\ 

u s viv y 2 g. (B5) 



A Al \ -X 2mp"2)! 1 

A = A(v2) = a A m+ r 



(D -2m — 2)! d™' 

m— 1 v it 

Note that df/dus — and df /Out = give us 

.g = 0, u T = (e^ex) 1 / 2 , (B6) 
df /dv2 = leads to dg/dv2 — 0, and the latter gives 

vi = a'/2. (B7) 
By definition, we have the physical charges qi and q 2 as 

-1 (D-2)/2 ^D-2 -1 (D-2)/2 /tjq\ 

91 = 1^g" WsUi ^ 2 e2 ' 92 = 1^g" WsWi ^ 2 x ' ^ ^ 



where we have used the relation u^. = e^l&i- Furthermore, combining (|B6|) with (|B7j) yields 

eie 2 = «i/2 = a'/ 4 - ( B9 ) 
Thus we can obtain the value of dilaton on the horizon through (|B8I) as 

87rG , 



u s 



n (D-2)/2 
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where we have used the relations, qi = 2n/y/a' and q 2 — 2w /ya' . The horizon area in the Einstein frame is 

A = usQd-2v 2 D 2 = 8wG^nw, 

while the gravity entropy of the black hole turns out to be 

S BH = 2ir(e iqi + e 2 q 2 ) = 4ttV^ - A/2G. (BIO) 

Thus without knowing v 2 , we show Sbh = A/2G. Indeed, the parameters given in (|B4[) just corresponds to the choice 
with A 2 = 1/8 in ([53]) . 
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